A lane changing event, at the instant when a vehicle crosses the lane marker, involves up to five vehicles: the subject vehicle, preceding and following vehicles in the original lane, and the preceding and following vehicles in the target lane. Understanding the interactions of the subject vehicle with the surrounding vehicles is fundamental to the study of the safety and modeling of lane changing behavior. This research studies the statistical properties of 10 lane changing parameters. These parameters describe the gaps, times to collision between vehicles and the subject vehicle's speed. The parameter values were extracted from the vehicle trajectory data in the Next Generation Simulation data sets. The results show that (i) all the parameters are positively correlated with each other; (ii) the gaps and distance are best described by the lognormal distribution; (ii) the times to collision are best described by the Laplace distribution; (iii) the speed may be described by the log-logistic distribution and the normal distribution. The results suggest that using one or few selected parameters may be sufficient to quantify the risk of a lane changing event.
INTRODUCTION
A vehicle's two-dimensional motion on a highway surface may be decomposed into the longitudinal and lateral movements. The longitudinal movement in the same lane, in the presence of a vehicle ahead (the preceding vehicle) and/or a vehicle behind (the following vehicle), is termed car-following. On the other hand, the lateral movement, which is always accompanied with a longitudinal movement, is known as lane changing. Although car-following has been studied by researchers in more than 50 years, relatively fewer investigations on lane changing have been made. The reason could be due to the facts that (i) a lane change involves two-dimensional motions; and (ii) there are relatively more vehicles involved in a lane changing event. The above reasons have made the study of lane change more complex and challenging.
Lane changing model is as important as car-following model as the fundamental building blocks in microscopic traffic simulation tools [1] [2] [3] [4] [5] . Both models govern the second-to-second behavior of vehicles in a simulated road network. The microscopic driving behavior is also related to macroscopic property of traffic flow [6, 7] . Therefore, accurate modeling of a driver's lane changing process is essential in producing realistic microscopic and macroscopic output of traffic conditions.
In general, there are two types of lane change in freeways: mandatory and discretionary. Mandatory lane change is also known as forced or necessary lane change. It usually occurs when a vehicle is trying to move from the left or center lane to the rightmost lane in order to exit the freeway. Mandatory lane change also happens when a vehicle has just entered the freeway from an on-ramp and is trying to move to the center or left lane to travel at a faster speed or to avoid a downstream exit lane.
Discretionary lane change is also known as free lane change or desired lane change. It normally occurs when a driver is following another vehicle at a speed slower than his/her desired speed and therefore seeks to increase its speed by moving to an adjacent lane. Obviously, the motivations and resulting driving behavior for the two types of lane change are different. Therefore a driver is expected have different decision rules or parameters for the two types of lane change.
Some researchers model lane change as a two-step process: (1) the decision to change lane; and (2) the execution of the decision [8] . As discussed above, the decision to change lane and the actual maneuver are different for mandatory and discretionary lane changes.
The objective of this research is to perform statistical analysis of selected parameters that describe the microscopic interaction of vehicles at a critical point of a discretionary lane changing maneuver on freeways. The critical point is the instant when the front center of a subject vehicle crosses the lane markers. Lane changing events were extracted from the well-known Next Generation Simulation (NGSIM) data sets collected at I-80 Freeway in Emeryville, California and U.S. Highway 101 in Los Angeles, California. The parameter values were computed from vehicle trajectory information. The statistical properties and probability distributions of these parameters were analyzed to draw conclusions on the vehicle interactions.
The organization of this paper is as follows. After this introduction, the lane changing models in popular microscopic traffic simulation tools are reviewed. The review also covers other lane changing models developed through traffic flow research. The literature review enabled the authors to identify the important decision parameters used in the different models. The selected parameters are defined in the next section. Then, the steps in data processing are described. The results of statistical analysis are next presented, followed by conclusions.
LITERATURE REVIEW
This section reviews the lane changing models found in popular microscopic traffic simulation tools and in published articles, with the purpose of identifying the drivers' decision parameters. These publications describe the models in varying level of details. The use of many different terms (in describing the types of lane change and their decision parameters), some with unspecified unit, have made the review challenging. The authors believe that these difficulties arise because research in lane change is still at its infancy. Nevertheless, the lane changing models are summarized here with the authors' interpretations of the available information. This review focuses on discretionary lane change and the parameters used to make a decision. The authors have found that, in some models, it was impossible to distinguish discretionary lane change from mandatory lane change. The authors have also tried to separate a lane change into a two-step process of decision and execution. Again, in some models it was impossible to distinguish the two steps. Therefore, all the parameters that affect both decision and implementation of a discretionary lane change are reviewed to the best possible extent. The parameters are highlighted in italic font and not necessarily following the original terms used.
Lane Changing Models in Microscopic Traffic Simulation Tools
The lane changing model in FRESIM [1] is described in its predecessor INTRAS's development report [9] . There are two types of lane change in FRESIM: free lane change and forced lane change. A free lane change is sought when a subject vehicle is traveling below its desired speed and it can gain speed by moving to an adjacent lane. A binary decision to change lane is generated according to a pre-defined probability and assigned to the subject vehicle. Once a decision has been made to change lane, the subject vehicle must check that the lead time to collision and lag time to collision in the target lane satisfy their respective "non-collision constraint". VISSIM [2] classifies lane changes into free lane change and necessary lane change. In the case of a free lane change, the lane changing model checks if the available lag time to collision between the subject vehicle and the following vehicle in the target lane satisfies the "desired safety distance" and "minimum time headway". For a lane change in a queue, the model also checks the lead time to collision between the subject vehicle and the preceding vehicle in the target lane. PARAMICS [3] does not distinguish between mandatory lane change and discretionary lane change. The lane changing model in PARAMICS is based on the gap acceptance theory [10] . A vehicle is allowed to move from its original lane to the target lane if both (i) the front gap (in distance unit) between the subject vehicle and the preceding vehicle in the target lane; and (ii) the rear gap between the subject vehicle and the following vehicle in the target lane exceed their respective threshold value. AIMSUN [4] describes a vehicle's lane changing decision making process in terms of necessity, desirability and possibility to change lane. The necessity to change lane includes the need to overtake the existing leader to travel at a faster speed. If it is necessary to change lane, the logic checks if an adjacent lane's speed is desirable. If this condition is met, the logic next looks for a gap in the target lane to make a safe maneuver. To distinguish between discretionary and mandatory lane changes, AIMSUN divides a freeway segment upstream of an off-ramp into three zones, where discretionary lane changes take place in the most upstream zone. TransModeler [5] 
Other Lane Changing Studies
Gipps [11] is perhaps one of the earliest to document a lane change study in a signalized street. The driver's decision making framework consists of the possibility, necessity and desirability to change lane. He then proposed a lane changing model encompassing mandatory and discretionary lane changes. The decision parameters for discretionary lane change included the subject vehicle's safe speed, relative speed between the original lane and the target lane, and time to collision between preceding and following vehicle. The decision making framework is later used in AIMSUN. McDonald et al. [12] , Blackstone et al. [13] and Wu et al. [14] described different motivations for lane change: pressure from the rear (fast approaching vehicle) and to gain speed. The pressure from the rear motivates the subject vehicle to move to a slower lane, while the intention to gain speed makes the subject vehicle to want move to a faster lane. Fuzzy rules are constructed to make use of lag times to collision of the original and target lanes as inputs. They did not distinguish between mandatory and discretionary lane changes. Das et al. [15] 
Lane Changing Parameters
After conducting the above review, the lane changing parameters are summarized in Table 1 . This table does not include parameters that are used only in one model. The six parameters listed in Table 1 may be derived from the NGSIM vehicle trajectory data. From Table 1 , it appears that most of the microscopic traffic simulation model use times to collision among the parameters, while gaps are more popular among the other lane changing models. Speed appears in all except three models listed in the table.
PARAMETERS STUDIED
This section defines the parameters that describe the interactions of vehicles during the critical instant of a lane change execution. These parameters are also referred to as lane changing parameters in this paper. Consider a typical lane changing scenario as depicted in Figure 1 . [1, 9] Yes Yes Yes VISSIM [2] Yes Yes PARAMICS [3, 10] Yes Yes AIMSUN [4] Yes # Yes # Yes TransModeler [5] Yes Yes Yes Gipps [11] Yes Yes Yes Yes McDonald et al. [12] , Yes Yes Brackstone et al. [13] , Wu et al. [14] Das et al. [15] Yes Yes Yes Hidas [16] Yes Yes Yeo et al. [18] Yes Yes Moridpour et al. [19, 20] Yes Yes Yes Yes Schakel et al. [21] Yes Yes Yes Hill and Elefteriadou [22] Yes Yes # Gap (distance) between preceding and following vehicles is the sum of front gap and rear gap 
Rear gap before lane change (in meters):
Front gap after lane change (in meters):
Rear gap after lane change (in meters):
Lead time to collision before lane change (in seconds):
Lag time to collision before lane change (in seconds):
Lead time to collision after lane change (in seconds):
Lag time to collision after lane change (in seconds):
Distance (in meters):
The speed of the subject vehicle V S (in meter/second) is also analyzed.
In defining the gap (G) and time to collision (T), the subscript P denotes the preceding vehicle, F denotes the following vehicle; while B represents the lane before lane change (the original lane), and A represents the lane after lane change (the target lane). The gaps and times to collision before a lane change are added in the analysis so as to study the proximity of the three associated vehicles (S, PB, FB) immediately before the subject vehicle leaves its original lane. The relative speed in Table 1 is not studied separately as it has been included in the calculation of times to collision. The G PA and G FA as defined in eqns (3) and (4) are similar to the gaps in [22] , except that in [22] the gaps was most likely measured when the subject vehicle began its lateral move.
DATA PROCESSING
The data used in this analysis was taken from the well-known NGSIM database. This database includes vehicle trajectory data collected at a segment of I-80 Freeway in Emeryville, California [24] and a segment of U.S. Highway 101 in Los Angeles, California [25] . For each freeway segment, vehicle motions were captured by several video cameras position on top of a tall building. The video images were post-processed to extract vehicle trajectory data at 0.1 second intervals.
The I-80 data was collected over a 1650 ft segment, in the northbound direction between Powell Street on-ramp and Ashby Street off-ramp. This segment of the freeway has six through lanes between the ramps. The available data was collected on • Only passenger cars were selected as the subject vehicles. Trucks and motorcycles, which were expected to have different lane changing behavior, and also have small sample sizes, were not considered.
• Only the subject vehicles originally travelled in lanes 2, 3 and 4 were considered.
They were assumed to make discretionary lane changes. Vehicles in lanes 5 and 6 were not considered so as to eliminate the possibility of drivers executing mandatory lane changes after entering from the upstream on-ramp or to exit at the downstream off-ramp. Vehicles in lane 1 were not considered so as to eliminate the interference caused by any high occupancy vehicle lane. Although this procedure did not necessarily filter out all the mandatory lane changes in lanes 2, 3 and 4 within the data collection segment, this was the best guess that could be made from the NGSIM data.
• Vehicles making multiple lane changes were excluded in the analysis, so as to exclude a possible mandatory move. • For each identified subject vehicle, the time t when the lane changing event occurred was taken as the time when the front center of the subject vehicle crossed the lane markers. This time reference t was used because (i) the width of vehicle is not provided in the NGSIM data; and (ii) it was impossible to determine from the NGSIM data when exactly a driver psychologically made his/her decision to change lane. • At time instant t, the preceding and following vehicles before and after the lane change were identified. The positions of up to the five vehicles involved in a lane changing event at t -0.4, t -0.3, t -0.2, t -0.1 and t seconds were extracted. According to Punzo et al. [26] , vehicle speed derived from NGSIM vehicle trajectory data must be calculated from the vehicle's coordinates, so that the positions and speeds are consistent. Therefore, the front center coordinates of the vehicles and vehicle lengths provided in the NGSIM data were used to calculate the centroids which were then used to compute the studied parameters.
• For each lane changing event, the parameter values were calculated at t -0.4, t -0.3, t -0.2, t -0.1 and t seconds respectively. The average values from t -0.4 to t seconds were used as the representative value of a parameter. The reasons for taking the average value over 0.5 second are (i) to reduce the error caused by using instantaneous values in the NGSIM data; (ii) to be more consistent with the human perception time; and (iii) to be consistent with other researches that used NGSIM data [27] . Average value of a longer duration was not considered as it will loss the "instantaneous" property of the calculated values.
• Because the calculated time to collision were in the theoretical range of (-∞,+∞), some times to collision were unreasonably large. Therefore, they were truncated to [-200,200 ] seconds.
Because a lane changing event involves up to five vehicles (as shown in Figure 1) , not all the five vehicles may be captured by the video cameras. Therefore, it may not be possible to calculate all the 10 parameters for a lane changing event from the available NGSIM data. For example, if a subject vehicle changed lane near the downstream end of a segment, the preceding vehicles (PB and PA) may already have left the camera view. In this case, it is impossible to calculate the parameters associated with these two vehicles. Therefore, the computed parameters have different sample sizes. The NGSIM data was processed by means of MATLAB [28] . The descriptive statistics of each parameter are summarized in Table 2 . Table 2 lists the descriptive statistics of the 10 parameters analyzed. The gaps and distance are processed to 0.001 m precision, times to collision are processed to 0.1 second precision while speed is processed to 0.01 m/s precision. For the same parameter, the mean and maximum values obtained from the I-80 data set are smaller than the corresponding values in the U.S. 101 data set. For example, for G FA , the rear gap after lane change, the I-80 data set has a mean of 13.500 m while the U.S. 101 data set has a mean of 28.300 m. This is because the traffic condition in the I-80 data set was more congested than the traffic condition in the U.S. 101 data set. In the I-80 data set, the traffic volume was 8144 vph (1357 vphpl) and the average space mean speed was 17.86 mph. This is equivalent to a density of 75.98 veh/mi/ln. In the U.S. 101 data set, the volume was 8642 vph (1440 vphpl) and the average space mean speed was 25.66 mph, equivalent to a density of 56.12 veh/mi/ln.
RESULTS AND DISCUSSIONS 5.1. Descriptive Statistics

Correlation Analysis
A correlation analysis was performed for all the parameters in each data set. The purpose of the correlation analysis was to examine if there is any strong relationship between any two parameters so that some of the parameters may be excluded in the analysis of lane changing events in the future. In a correlation analysis, all the variables must have the same sample size and be paired. The data was then filtered such that only the lane changes which yielded all the parameter values were used in the correlation analysis. This filtering resulted in sample sizes of 314 for the I-80 data set and 394 for the U.S. 101 data set. The correlation coefficients, or r values, calculated by Minitab [29] , are presented in Table 3 . All the r values are significantly different from 0, with p-values all less than 0.001. The minimum r value in the U.S. 101 data set is 0.832. This indicates that all the 10 parameters in the U.S. 101 data set are strongly correlated. However, this is not the case for the I-80 data set. The r values smaller than 0.700 in the I-80 data set are highlighted in red in Table 3 (a). From this table, it can be observed that T PB (lead time to collision before lane change) does not have a strong correlation with any other parameters. In addition, T FA (lag time to collision after lane change) is also not strongly correlated with gaps and distance D. The differences in the correlation matrices between the two data sets are indications that drivers in these two sites have different lane changing behavior. Figure 2 shows the scatter plots of the parameters produced by Minitab [29] . The scatter plots of two parameters in each data set are presented in a 10 by 10 matrix. The diagonal elements of the matrix indicate the parameter names in the horizontal and vertical axles. The scatter plots visualize the correlations as listed in Table 3 . The overall results of the correlation analysis indicate that, at least eight of the 10 parameters are highly correlated. This implies that an analyst may be able to use a few representative parameters to describe a lane changing event, for example, T PB , T FA plus one or two of the remaining parameters which are highly correlated. The high correlation coefficients are not surprising, because drivers of the subject vehicle tend to 
Probability Distributions
The processed data as reported in Table 2 had been fitted with probability distributions using @RISK [30] . For each parameter, at least 10 distributions have been considered. The Akaike Information Criterion (AIC) has been used to select the distributions that provide the best fit to the observed data. AIC is an indicator for the goodness of fit that takes into account the number of estimated distribution parameters. For each lane changing parameter, the top three distributions that best fit the observed data are listed in Table 4 . All the distributions listed in Table 4 provide good fit to the data, with p-values all smaller than 0.01. To illustrate how good the probability distributions fit the data, the following figures are provided. Figure 3 plots the histogram distribution of G FA taken from the I-80 data set and the fitted log-normal probability density function. Figure 4 plots the histogram distribution of T FA taken from the U.S. 101 data set and the fitted Laplace probability density function.
From the results of distribution fitting presented in Table 4 , the lane changing parameters studied have different probability distributions that provide the best fit. It is preferably to have one probability distribution that can describe the gaps (G PB , G FB , G PA , G FB ), times to collision (T PB , T FB , T PA , T FB ), distance (D) and speed (V S ) respectively. From the table it is obvious that the Laplace distribution provides the best fit to all the times to collision. To select one probability distribution for the gaps, a numeric scoring system was used, in which the distributions that provide the best, second best and third best fits were assigned scores of three, two and one, respectively. The distribution that has the highest total score was recommended. Both the log-logistic and log-normal distributions have the same total score. The log-normal distribution is recommended because it appears in the top three lists for all the gap parameters. As for distance D, there is no clear winner. The log-normal distribution is the third best fit for the I-80 data but the fourth best fit for the U.S. 101 data. The inverse Gaussian distribution is the third best fit for the U.S. 101 data but the fourth best fit for the I-80 data. The log-normal distribution is preferred to describe D because it is more commonly known. As for the subject vehicle's speed V S , the logistic distribution is selected as it appears in the top three distribution lists of the two data sets. The inconsistency in the distributions for D and V S may be empirical evidence that not all the drivers are using these two parameters for making lane changing decisions.
The recommended probability distributions are listed in Table 4 . The distribution parameters, calculated from the method of moment, are also listed in the table. Note that, the fitted distributions for G PA and G FA are different from the Gamma and Johnson SI distributions, respectively, found in [22] .
The log-normal distribution has a probability density function of
where λ (λ > 0) is the location parameter while ζ (ζ > 0) is the scale parameter. The Laplace distribution has a probability density function of
which is symmetrical about its mean μ. μ is known as the location parameters while b (b>0) is known as the scale parameter. The part of the Laplace distribution with X ≥ μ has the same shape as the exponential distribution.
The logistic distribution has a probability density function of
The logistic distribution has two parameters: μ the location parameter and s (s > 0) the scale parameter.
APPLICATIONS
The fitted distributions describe the interactions between vehicles at the critical instants of lane changing events. Such distributions may be used to quantify the risk taking behavior of the drivers of subject vehicles. For example, T FA is the time-to-collision between the subject vehicle and the following vehicle in the target lane. Small and positive T FA value indicates a risky maneuver by the subject vehicle. An unsafe maneuver or severe conflict may be arbitrarily defined as 0 < T FA ≤ 0.5 second. Using the fitted Laplace distribution, P (0 < T FA ≤ 0.5) = 0.0196 at the I-80 site and 0.0009 at the U.S. 101 site. Comparing the probabilities, one can infer that drivers at the I-80 site perform relatively more risky lane change maneuvers. This may be due to the drivers' behavior, the relatively more congested traffic, or the combination of both.
In a similar way, an unsafe maneuver or severe conflict may be arbitrarily defined as One can also analyze G PB , by calculating the probability P (G FB < g) that the subject vehicle's driver is willing to get closer to the leader in the original lane with a gap smaller than g during a lane change.
SUMMARY, LIMITATIONS AND FUTURE RESEARCH
This research has studied 10 parameters that describe vehicle interactions when the subject vehicle crosses the lane markers during a lane change, and analyzed the probability distributions of these parameters, using the NGSIM data. It is found that, overall, -the parameters related to gap (in distance unit) and distance may be described by the log-normal distribution; -the parameters related to time to collision may be described by the Laplace distribution; -the parameter related to speed may be described by the logistic distribution;
The distributions fitted to the NGSIM data collected at the I-80 Freeway in Emeryville, California, and the U.S. Highway 101 in Los Angeles, California were compared. Although the same distribution was fitted to the same lane changing parameter, the fitted distribution parameter values were different for the two sites. This indicates that drivers behaved differently at the two data collection sites.
Correlation analysis was also performed for the 10 parameters studied. It was found that at least eight out of the 10 parameters are highly correlated. This implies that a few representative parameters may be sufficient to describe the interactions of vehicles.
The major limitations of this study are:
-The subject vehicles are cars. The probability distributions of the parameters for other types of vehicles are likely to be different, as suggested by [19, 20] . However their sample sizes are much smaller and therefore were not studied at the time of writing. -The lane changes took place in moderate to congested traffic flow. It is yet to see if the correlations and probability distributions of the parameters in relatively freeflowing traffic are similar. -The two data collection sites are located in California. The probability distributions are yet to be verified with data in other states. -For each lane changing event, the parameter values were taken at the time instant t when the front center of the subject vehicle crossed the lane markers. The driver of the subject vehicle usually makes his/her decision to change lane a fraction of a second to a few seconds prior to t. However, it is, impossible to determine when he/she psychologically makes this decision and measure the decision parameters at this point in time. -A successful lane changing event may be preceded by several unused (or unsafe) lane change opportunities. This is synonymous to the gap acceptance scenario where there are more rejected gaps than accepted gaps. The distributions of the same parameters without an observed lane change are yet to be studied.
The above analysis of 10 lane changing parameters has led to several research ideas. From the correlation analysis, it appears that many parameters are highly correlated. Therefore it is highly possible to use fewer parameters to perform risk assessment of a lane changing event. From the reduced number of parameters, it may be possible to construct a joint probability distribution to describe the risk taking behavior of a subject vehicle. Based on this behavior, probabilistic lane changing models may then be developed.
